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Abstract—This paper addresses infinite-horizon reach-avoid
controller synthesis with formal guarantees for nonlinear stochas-
tic dynamical systems. Learning-based methods handle high-
dimensional stochastic control effectively but lack formal safety
guarantees, while existing certificate-based approaches suffer
from the scalability limitations of interval-based verification. We
propose a learning-assisted framework that integrates reinforce-
ment learning, PAC-based polynomial approximation, and sum-
of-squares optimization. A learned neural controller is approx-
imated by a polynomial controller, enabling efficient stochastic
barrier-like certificate synthesis via semidefinite programming.
The framework avoids costly post-verification and directly com-
putes reach-avoid probability lower bounds without the iterative
trial process. Experiments demonstrate improved scalability and
tighter probabilistic guarantees over state-of-the-art methods.

Index Terms—Stochastic control, Reach-avoid, Formal method,
Barrier-like functions, Martingales

I. INTRODUCTION

Controller synthesis under reach-avoid constraints, which
simultaneously accounts for safety and reachability, has sig-
nificant practical relevance in safety-critical applications [1].
Mainstream approaches to designing trustworthy controllers
under reach-avoid constraints have relied on the existence
of certain certificate functions, such as Lyapunov functions
and barrier functions [2]-[4]. In practical problems, uncer-
tainties in system models are often unavoidable. Such prob-
lems are commonly modeled using discrete/continuous-time
stochastic dynamical systems. For stochastic control, reach-
avoid constraints require that the system satisfies the reach-
avoid objective with a prescribed probability [5], which are
often established using so-called supermartingale [6] certifi-
cate functions that extend classical certificate functions of
deterministic systems [7].

Driven by advances in Al, learning-based methods have
gained increasing attention for synthesizing controllers and
certificate functions for stochastic systems [8]-[10]. The dis-
turbances in stochastic systems naturally align with data-driven
learning techniques such as reinforcement learning (RL) [11]
which offer substantial advantages, especially for complex,
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nonlinear stochastic systems. However, control policies and su-
permartingale certificate functions obtained through learning-
based approaches typically guarantee constraint satisfaction
only on the training dataset. Therefore, a post-learning formal
verification step remains indispensable to ensure that the syn-
thesized controller rigorously satisfies the desired properties.
The representative work [10] proposed to simultanenously
learn a control policy and a barrier-like function, termed
reach-avoid supermartingales (RASM), to guarantee reach-
avoid specifications for discrete-time stochastic systems. They
subsequently employed interval arithmetic to formally verify
the learned certificates, resulting in exponential complexity
with the system’s dimension due to state space partition-
ing. Moreover, propagating intervals through learned neural
network (NN) controllers requires estimating their Lipschitz
constants, further increasing the complexity.

We propose a scalable framework that integrates learning
with constraint solving for reach-avoid controller synthesis of
stochastic systems. The key idea is to use the RL-generated
NN controller as an intermediate artifact to guide the con-
struction of a trustworthy polynomial controller. Specifically,
the framework consists of three steps. First, we train an
NN controller via RL with reachability and safety objectives.
Second, we apply PAC-based polynomial approximation [12]
to the NN controller to obtain a polynomial controller. Third,
we formulate the synthesis of stochastic barrier-like certificate
functions (SBCs) for the polynomial-controlled system as a
sum-of-squares (SOS) optimization problem, which can be
efficiently solved via semi-definite programming (SDP), avoid-
ing interval-based computations and improving the efficiency
and scalability of post-verification. Moreover, the optimal
lower bound of the reach-avoid probability is incorporated
into the SOS objective and thus obtained directly. In contrast,
existing methods typically require a prespecified probability
value and iteratively synthesize controllers and corresponding
SBCs through trial and error to update the probability estimate.
Consequently, our approach computes a tighter reach-avoid
probability lower bound more efficiently.

In summary, we develop a learning-assisted methodology
for reach-avoid controller synthesis in stochastic control sys-
tems by integrating learning-based and polynomial-algebraic
techniques. We formulate stochastic barrier-like certificate



synthesis and reach-avoid probability optimization as SOS
programs, avoiding the limitations of interval-arithmetic-based
verification for neural-network controllers and certificate func-
tions. Experiments show that our approach achieves tighter
probability lower bounds and substantially improved scalabil-
ity over state-of-the-art methods.

II. PRELIMINARIES

Notations. Let R be the field of real numbers, R[x] be the
ring of polynomials with coefficients in R over n-dimensional
variables X = (x1,22,...,%,)", [x] C R[x] be the space
of sum-of-squares (SOS) polynomials. Let N denote the set
of nonnegative integers. Let supp(P) denote the support of a
distribution P.

A. Problem Formulation

We consider discrete-time stochastic dynamical systems de-
fined by x¢11 = £(x¢, us,wy), where £(-,-,-) : UxUXN — ¥
denotes the dynamics function with ¥ C R™, &/ C R™, and
N C R? the system state space, the control action space, the
stochastic disturbance space, respectively; u; is determined
by a control policy 7(x) : ¥ — U, and w; is sampled
by a specified probability distribution P with supp(P) C
N. A controlled discrete-time stochastic dynamical system
(CDSDS) is equipped with an initial set © C W. In this
paper, we adopt a 5-tuple D = (f,n,P,¥,0) to denote
such systems. A sequence (X, Uy, wi)ien With xg € O,
xir1 = f(xg,ug,wy), vVt € N, and ug,w; specified as above
constitutes a trajectory of D.

Definition 1 (Reach-Avoid Property). Let § € [0,1] be a
probability threshold. Given a target set X, C ¥ and an
unsafe set X,, C ¥, a CDSDS D satisfies the reach-avoid
requirement with probability at least 0 if, for any initial state
Xg € O, Py [RA(X,y,Xy)] > 0, where RA(Xy, X,) =
{(x,/,u,/,wt)teN | Jt € N. X; € Xg A (VT <t x: ¢ XU)}
denotes the set of trajectories that reach X4 without reaching
X

Problem 1 (Reach-Avoid Control Problem). Given a CDSDS
D = (f,m,P,V,0) where 7 is not determined, the reach-
avoid control problem is to synthesize a control policy u =
m(x) which guarantees that D satisfies the reach-avoid prop-
erty with probability at least 6 as per Definition 1.

B. Stochastic Barrier-like Certificates

In this paper, we employ the concept of stochastic barrier-
like certificates (SBCs) to guarantee reach-avoid specifications
for stochastic discrete-time systems.

Definition 2 (Stochastic Barrier-like Certificates [10]). Given
a CDSDS D = (f, 7, P,¥,0), let Xg C ¥ and X, C V¥ be
the target set and the unsafe set, and let § € [0,1) be the
probability threshold. A continuous function B(-) : ¥ — R is
said to be a stochastic barrier-like certificate (SBC) for reach-
avoid requirement with respect to X4, X,, and ¢ if it satisfies:

o Nonnegativity condition. B(x) > 0 for each x € U;

e Initial condition. B(x) < 1 for each x € ©;
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e Safety condition. B(x) > ﬁ for each x € X,;;

o Expected decrease condition. There exists € > 0 such
that, for each x € WX at which B(x) < we have
B(x) = Eunp[B(f(x, 7(x),w))] + &

Theorem 1 ( [10]). Given a CDSDS D, let X, C V¥ and
X C U be the target set and the unsafe set, respectively, and
let § € [0,1) be the probability threshold. Suppose that there
exists an SBC B(-) with respect to X4, X, and 6. Then D
satisfies the reach-avoid property as per Definition 1.

1
1=

According to Theorem 1, solving Problem 1 can be reduced
to designing a control policy u = 7(x) for which an SBC can
be found. To enable the application of polynomial optimization
methods, throughout this paper, we assume that the domain
¥, the initial set ©, the goal set X, and the unsafe set
X, are all semi-algebraic sets. In addition, we assume that
f is a polynomial vector function in x,u,w for simplicity of
presentation, but will also discuss how to relax this restriction
to allow non-polynomial dynamics.

III. VERIFIABLE REACH-AVOID CONTROLLER SYNTHESIS

In this section, we propose a framework that synthesizes ver-
ifiable control policies by integrating reinforcement learning
(RL) with the principles of Probably Approximately Correct
(PAC) analysis [13].

A. RL-Aided Reference Controller Generation

We employ the widely used Soft Actor-Critic (SAC), an off-
policy deep RL algorithm for control tasks with continuous
action spaces [14], to train an NN controller by encoding the
reach-avoid requirement as optimization objectives. To learn
a reach-avoid controller, we define the reward function as

Tt = Bu du(xe) + By (d;}(xt) - d;}(xt+1))
+ Rg 1xg (Xt+1) — Ru 1X‘u. (Xt+1)

where 3,, 8, > 0 are scaling factors, and R4, R,, > 0 are em-
pirical constants. The term d,(x;) denotes the distance from
x; to the unsafe region X,,; dy’ (x;) represents the dimension-
weighted distance from x; to the target region X,, where
state dimensions that are more difficult to control are assigned
larger weights. The indicator functions 1x,(-), 1x, (-) activate
terminal rewards or penalties: R, is the terminal reward for
reaching X, and R, is the terminal penalty for entering X,.
The SAC policy is trained using the above reward function
until the termination condition is satisfied. The resulting mean
action function f(x) of the trained SAC policy constitutes
the synthesized reach-avoid controller, denoted by ug,c(X).

B. PAC-based Polynomial Controller Synthesis

Using the trained NN controller ug(x) in section III-A,
we construct a polynomial controller that is amenable to
verification, following the principles of PAC analysis [13].
The approximation error between the PAC-based polynomial
controller and the original reference controller uy.(x) can
be quantified statistically for a prescribed error rate € and
confidence level 7.



We begin by computing an approximate polynomial
p(x,¢) € R[x] of a prescribed degree d, with ¢ the in-
determinate coefficients. Let [x]; denote the vector of all
monomials in x of total degree at most d, arranged ac-
cording to the graded lexicographic order, i.e., [X]4
(1,21, @, 22, 2120, s 2p 12t 2d) T, Let the di-

("+9). Define

mension of [x]4 be v, ie., v = dim([x]q)
N as {a = (o1, ,a) € N* | 37 a; < d} and the
monomial x* = z{'x5? - -z, Thus, p(x, c) can be written
as p(x,c) = cl[x]g = 3 cnn Cax®. We seek a polynomial
p(x, c) that closely approxima?es Ug,c(Xx) by solving

~p(x.0) <e, VxeU. (D)

Problem (1) is theoretically difficult to solve because it
involves infinitely many constraints. The scenario approach of
Calafiore et al. [15] overcomes this challenge by replacing the
infinite constraint set with a finite sample of K constraints.
That is, we determine a polynomial p(x,c) of degree d by
solving the linear program in the variables ¢ and e obtained
from the reformulation of (1) via the scenario optimization
approach, i.e., by solving:

min e s.t. [Uge(x)
[

mcin e st Jupe(x;) —p(x;,c) <e, Vx;e€ \Tl, 2)
where U is constructed by randomly sampling from ¥ with
|\IJ| K. Moreover, [15] establishes a PAC guarantee relating
the solution of the scenario program (2) to that of the original
problem (1). For prescribed values of ¢ and 7, according to
PAC principles [13], there are requirements for the number
of sampling points to achieve credible approximation error
€> (ln1 + k) where k = v + 1.

By solvmg the linear program (2), we obtain a polynomial
p(x,c*) together with the corresponding error parameter e*.
If e* exceeds a prescribed empirical threshold 7, the approx-
imation error with respect to the reference controller ug,(x)
can be reduced by increasing the degree d of the polynomial
template and re-solving (2), thereby enlarging the feasible
domain for the polynomial coefficients c. In this manner,
we ultimately obtain a polynomial p(x, c*) that approximates
uy,(x) with a statistical error bound that satisfies the specified
tolerance 7 at the given confidence level.

IV. REACH-AVOID VERIFICATION WITH STOCHASTIC
BARRIER-LIKE CERTIFICATES

For the controller p(x) obtained via RL and PAC, Theo-
rem 1 implies that an SBC satisfying Definition 2 provides a
probabilistic reach-avoid guarantee for the resulting controlled
stochastic system. We formulate an SOS optimization problem
to synthesize SBCs under p(x). The resulting SDP yields an
SBC and its optimized reach-avoid probability bound .

The basic idea of SOS relaxation can be explained as
follows. Given a basic semi-algebraic set K defined by K =
{x € R"|v(x) > 0,...,v(x) > 0}, where v;(x) € R[x]
for 1 < 5 < [, it is not difficult to check that to prove
vx.(x € K = f(x) > 0), it is sufficient to show that
F(x) =YL 0i(x)(x) € B[x] with all 04(x) € B[x].
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For a prescribed reach-avoid probability threshold ¢, we
introduce an auxiliary parameter 6 and pose the search for an
SBC as an optimization problem that maximizes the achievable
reach-avoid probability 5 according to Theorem 1 as follows:

max o

b,e,0

st. xeW¥= B(x,b) >0,
x€0=1-B(x,b)>0
x € X, = B(x,b) — %620 3

€ (W\X,) N (NWX,) = B(x, )
EEwNP[B(f(va( ) ) )}

0<d<l,e>e.

where B(x,b) is a prescribed polynomial SBC template of
a certain degree dspc, and €. > 0 is a prescribed constant
for guaranteeing the positivity of ¢. If the optimal value 6% of
(3) satisfies 0* > 4, then the closed-loop system under p(x)
meets the required reach-avoid specification.

Remark 1. Noting that the third condition of Definition 2
implies x ¢ X,, for any x satisfying B(x) < ﬁ, we have
strengthened the fourth condition of Definition 2 by replacing
B(x) < 115 with x € W\X,, in (3). This technical treatment
is intended to simplify the SOS encoding discussed below.

Suppose that ¥, ©, and X, are basic semi-algebraic sets
given by ¥ := {x € R" | hy(x) > 0, i = 1,...,mq},
O :={xeR"|gjx)>0,j=1,...,mg}, and X, :=
{x e R" | qr(x) >0, k=1,...,ms}. Besides, suppose that
(\X,) N (P\X,) can be partitioned into subsets, each with
the form of {x € R"|sp(x) > 0,1 < £ < my}. Then using
SOS-relaxation, (3) can be encoded as

b.e,r

sit. B(x,b) =31 0i(x)hi(x) € S[x],
1 - B(x,b) = 3772 ¢;(x)g;(x) € X[x],
B(X7 b) —r— Zkil Iik(X)qk(X) S E[ ] 4)
B(x,b) ),b)] —

— Ewp[B(f(x,p(x),w
= 200 Ae(x)se(x) € B[x],
Uz’7¢j7/{k7)\€ S E[X]a
r>1,e>e.

Proposition 1. Given a CDSDS D = (f,p,P,V,0) with
learned policy p(x), a reach-avoid property regarding the
target set X,, unsafe set X,, and probability threshold 9§,
and an SBC template B(x,b), if all involved expressions
in £,p,9,0,X,,X,,B(x,b) are polynomial, then: 1) for
appropriate distributions P, (4) is a polynomial optimization
problem; 2) if the optimum r* of (4) satisfies 1 — T% >0, then
D satisfies the reach-avoid property with probability 9.

Proof. To prove 1), it suffices to show that the expectation
term in (4), E,p[B(f(x, p(x),w), b)], is polynomial. Since
B, £, and p are polynomials by assumption, this expectation
reduces to moments E,p[w] for i up to a finite bound.
Hence, if the moments of P of different orders admit closed-
form expressions, (4) reduces to pure polynomial constraints.
This holds for common distributions such as the triangular



TABLE 1
PERFORMANCE COMPARISON AND EVALUATION ON SEVEN STOCHASTIC CONTROL BENCHMARKS

. Laracspc

Environment ‘ Poly. ng ‘ NN de  dspe Tspe Papc PrasMm Py

E; 2D system [10] P 2 | [2,256256,1] 4 4 0372s  99.26% | 933%  99.99%
FE5 Inverted pendulum [10] NP 2 [2,256,256,1] 2 6 3.043s 98.69% 92.1% 99.02%
FE3 Collision avoidance [16] P 2 [2,256,256,2] 4 8 2.535s 97.34% 90.4% 99.97%
E4 Chain system [17] P 4 | [4,256,256,4] 1 4 1.105s  95.45% - 98.19%
Es Raychaudhuri system [18] P 4 | [4,256,256,4] 1 4 3.632s  75.28% - 89.24%
Eg Stabilization system [19] P 5 | [5256,256,2] 1 6 54108  86.44% - 90.57%
E7 UAV [20] NP 6 | [6,256256,2] 1 6 52.181s  63.99% - 89.92%

and normal distributions. To prove 2), introduce r = 1i ; in considered in [10], the controllers synthesized by Laracspc

(3). Maximizing 4 is then equivalent to maximizing r subject
to » > 1. The constraints of (4) imply those of (3), so the
optimum 7* of (4) lower-bounds the optimum 7* of (3) with
objective 7. Thus, by the assumption, § <1— L <1--L =
&*. The conclusion follows from Theorem 1. O

Remark 2. Problem (4) and Proposition 1 can be extended
to deal with non-polynomial dynamics f. First, f can be over-
approximated over ¥ through Taylor model [21], that is,
we can compute a polynomial f,(x) and an n-dimensional
interval T s.t. Vx € U.(f(x) € f,(x) + Z). Then by intro-
ducing auxiliary variables to encode T and strengthening the
constraints in (4) involving f to allow all values in (f,(x)+1),
we can formulate the polynomial optimization problem to
synthesize SBCs for non-polynomial systems.

V. EXPERIMENTS

In this section, we evaluate the proposed method, named
Laracspc (Learning-Aided Reach-Avoid Controller Synthe-
sis via Stochastic Barrier Certificates), on seven nonlinear
stochastic control systems that are commonly used as bench-
marks in the literature. Our experiments proceed in three parts.
First, we compare our approach with the method in [10] on
their reported benchmark problems E;—-Fs3, with an emphasis
on the tightness of the achieved probability guarantees for
reach-avoid specifications. Second, we examine the perfor-
mance of our method on higher-dimensional stochastic control
problems F,—F-. Third, we analyze the discrepancy between
the empirically observed probability of satisfying the reach-
avoid property under the synthesized controllers and the lower
bounds obtained through our verification procedure.

For each benchmark, we uniformly sample 1000 initial
states from the designated initial set. For each initial state,
we run 20,000 Monte Carlo simulations. The minimum of
these probabilities over the 1000 initial states is taken as an
estimate of the reach-avoid probability of the system.

All experiments are conducted on an Intel Core Ultra 7
265K CPU and an NVIDIA GeForce RTX 4070 Ti SUPER
GPU. Table I reports the experimental results, where d. and
dspc denote the degrees of the polynomial controller and
SBC, respectively, and Tgpc denotes the SBC synthesis time.

Table I compares the proposed Laracspc method with
the RASM approach of [10]. For all benchmarks FE;—-E3
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yield consistently higher reach-avoid probability guarantees.
Laracspe performs post-verification by solving an opti-
mization problem that maximizes the reach-avoid probability
subject to the SBC constraints, thus jointly computing the SBC
and its optimal probability parameter. In contrast, the RASM
method fixes the probability level in advance and iteratively
adjusts the controller and barrier-like certificate function to
obtain a certifiable probability value.

Table I reports the performance of the Laracspc method
on additional high-dimensional benchmarks, including a non-
polynomial stochastic system (UAV) of dimension six. A
comparison between the certified reach-avoid probability lower
bounds produced by Laracspc and the simulation-based
estimates indicates that the certified bounds closely match the
empirical performance. For benchmarks F, and Fg, the gap
between Pspc and Py remains within 5%. Even for the more
complex case E;, our method synthesizes a controller that
guarantees a reach-avoid probability of at least 63.99%.

In summary, for the synthesis of reach-avoid controllers
with formal guarantees for stochastic systems, the proposed
framework, integrating learning-based techniques, PAC ap-
proximation, and polynomial optimization, is capable of han-
dling higher-dimensional and more complex problems than ex-
isting methods. Furthermore, on benchmarks that are tractable
for all approaches, our method provides tighter certified lower
bounds of reach-avoid probability.

VI. CONCLUSION

This work develops a learning-aided approach for syn-
thesizing reach-avoid controllers with formal guarantees for
stochastic systems. An auxiliary controller is first obtained
using SAC, followed by a PAC-based approximation method
to construct a polynomial controller with explicitly quantified
approximation error and an appropriate degree, facilitating
formal verification. The SBC conditions are then encoded via
SOS relaxation, and a polynomial optimization problem is
formulated to maximize the certified lower bound on the reach-
avoid probability, yielding both a stochastic barrier certificate
and the associated probabilistic guarantee. Compared with
the existing RASM method, which relies on interval-analysis-
based post-verification, the proposed approach offers better
scalability to higher-dimensional stochastic systems while pro-
viding high-quality reach-avoid probability guarantees.
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